I. INTRODUCTION
The field of ultracold atomic gases has been revolutionized by the discovery and use of magnetically tunable Feshbach resonances [1, 2, 3] . These resonances occur when the energy of a quasibound molecular state ("closed" channel) is tuned into degeneracy with the energy of a colliding atomic pair in an "open" channel by an externally applied magnetic field. Near a resonance, the coupling between the states strongly affects both the elastic and inelastic collision cross sections of the colliding atoms. First observed at low temperatures in homonuclear collisions of Na atoms [4] , Feshbach resonances provide a way to tune the microscopic interactions and to coherently (reversibly) form ultracold molecules [5] . These features have been exploited for the study of a wide variety of phenomena in ultracold atomic gases including the controlled collapse of a Bose-Einstein condensate (BEC) [6] , bright solitons [7, 8] , and BCS superfluid pairing of a Fermi gas [9, 10, 11] .
Mixtures of different ultracold atoms are interesting objects of study as they may exhibit scattering properties different from those of indistinguishable species. For example, broken exchange symmetry allows for s-wave scattering of different fermions in the same hyperfine state. In addition, the Feshbach spectrum of heteronuclear molecules is more complex because the hyperfine constants are unequal for the two atoms and there are four rather than three zero-field collision asymptotes [12] . Heteronuclear Feshbach resonances have recently been observed in 6 Li-23 Na [13] , 40 K-87 Rb [14] , 85 Rb-87 Rb [15] , 6 Li-87 Rb [16] , and 6 Li-40 K collisions [17] . These resonances provide a mechanism to tune interspecies interactions and may enable the study of boson-mediated cooper pairing [18] and supersolid order [19] predicted to occur in Bose-Fermi mixtures. Feshbach resonances in heteronuclear systems can be used to produce ultracold polar molecules [20] . The dynamics of ultracold polar molecules is determined by tunable and anisotropic electric dipole-dipole interactions, and the creation of ultracold polar molecules is predicted to allow for major advance in several different fields of physics and chemistry.
In this paper, we analyze collisions in ultracold 85 Rb-87 Rb and 6 Li-87 Rb mixtures. Recently, Tiesinga combined the results of spectroscopic and scattering experiments on 87 Rb ensembles to produce a new set of accurate Rb 2 interaction potentials of singlet and triplet symmetry [21] . With the new potentials, Tiesinga was able to reproduce the experimentally observed Feshbach resonances in ultracold collisions of 87 Rb atoms with a high level of accuracy. Here, we extend this work to heteronuclear rubidium dimers. We calculate the magnetic field dependence of 85 Rb-87 Rb elastic scattering cross sections using the new interaction potentials and find good agreement with the recent experiment of Papp and Wieman [15] and the theoretical analysis of Burke et al. [22] . We also study ultracold scattering of Rb isotopes in hyperfine states other than the fully spinstretched state |2, −2 85 ⊗ |1, −1 87 and find resonances that occur at low magnetic fields, below 10 G. For the Li-Rb system, we create model potentials combining the results from recent ab initio calculations for the LiRb dimer [23, 24] and then fine tune them to reproduce the experimentally measured resonances. For this purpose we utilize an asymptotic bound state model [13, 17, 25] to determine the energies of the last bound states of the triplet and singlet potentials consistent with the experimentally observed location of two Feshbach resonances. Guided by the results of the model analysis, we generate the corresponding potentials and compute both the location and widths of the Feshbach resonances using a full quantum scattering calculation. This process allows us to systematically converge to the optimal singlet and triplet potentials for the Li-Rb dimer. These potentials fully characterize the scattering properties in any combination of atomic spin states and allow us to predict both the triplet scattering length and the location of several experimentally accessible resonances for this mixture.
A. Calculation method
The Hamiltonian for the collision of two alkali metal atoms is H =Ĥ rel +V hf +V d +V B where the first term accounts for the relative motion of the atoms,V hf models the hyperfine interactions, andV B models the interaction of the collision complex with the external magnetic field. We have verified that the magnetic dipole interaction,V d , has no effect on the observables described in this paper so we neglect it.
where µ is the reduced mass of the atoms, R is the interatomic distance andl is the rotational angular momentum of the collision complex. The total scattering wave function is expanded in a fully uncoupled, space-fixed basis set:
where F α,l,M l (R)|lM l are the radial basis states and
are the atomic spin states. The electron and nuclear spins for atom a (b) are denoted by S a (S b ) and I a (I b ). The total electron spin for the complex is the vector sum of the electron spins of atoms a and b, S = S a + S b . V (R) = S V S (R)P S describes the inter-atomic interaction potential where P S = MS |SM S SM S | is the projection operator onto the singlet S = 0 or triplet S = 1 electron spin configuration of the molecule and V S (R) is the corresponding interatomic potential for the singlet X 1 Σ or triplet a 3 Σ state of LiRb. The interaction of the collision complex with the external magnetic field is given bŷ
where g e and g n are the electron and nuclear gyromagnetic ratios. The hyperfine interaction is described bŷ
where γ a and γ b are the hyperfine interaction constants for atoms a and b.
The matrix elements of the Hamiltonian in the fully uncoupled basis are determined as described in Ref. [26] , and the resulting coupled-channel equations are propagated into the asymptotic region where the standard asymptotic boundary conditions [27] are applied to extract the scattering matrix elements. The integral cross sections and the scattering lengths are computed from the S-matrix elements as described in Ref. [28] .
Using this procedure, we calculate the elastic scattering cross sections as functions of the magnetic field at a fixed collision energy. To ensure the convergence of the calculations, we employ a dense propagation grid from 2.0 to 800 a B (a B = 0.0529177 nm) with a step of 0.005 a B . The s-wave scattering length near a Feshbach resonance has the form [28] 
where B 0 is the position and ∆B is the width of the resonance. The background scattering length a bg does not depend on the magnetic field. For each resonance, we extract the parameters B 0 and ∆B from the magnetic field dependence of the scattering length using Eq. 5. In the case of the 85 Rb-87 Rb resonances, we have verified our results for B 0 by analyzing the derivative of the eigenphase sum [29] . The resonance positions obtained in this way are found to be in excellent agreement with the results of Eq. 5. [22] . Using accurate Rb 2 potentials of singlet and triplet symmetry [21] , we analyze the magnetic field dependence of 85 Rb-87 Rb elastic scattering cross sections. Our primary motivation for this work was to search for low field Feshbach resonances which would be candidates for the realization of RF induced Feshbach resonances using large RF or microwave fields generated near the surface of an atom chip [30] .
II. LOW FIELD RESONANCES IN
A. Results Figure 1 shows the s-wave elastic scattering cross sections for 85 Rb-87 Rb collisions in the weak magnetic field seeking state |2, −2 85 ⊗ |1, −1 87 . Two resonances are immediately apparent from this graph: the one at lower energy (resonance I) and a broader peak around 380 G (resonance II). These resonances are of significant interest for sympathetic cooling of 85 Rb by collisions with ultracold 87 Rb [15, 22] , and it is important to know their paramaters with high accuracy. Table I compares our calculated resonance positions and widths with recent experimental results of Papp and Wieman [15] . The agreement is generally good, although the calculated position of resonance I (271.05 G) is shifted to higher mag- netic fields by 5.6 G with respect to the experimental value [15] . The calculated width of resonance I is ∆B = 3.66 G, consistent with the experimentally measured width, ∆B exp = 5.8 ± 0.4 G, of the trap loss feature [15] . Although they are related, the width of the trap loss feature, ∆B exp , is not equivalent to the width of the scattering length singularity ∆B [17] . Table I also shows the results obtained with a different set of interaction potentials by Burke et al. [22] . The lower bound of their estimate almost coincides with the experimental prediction, whereas the upper bound is only 2 G away from our result of 271.05 G. The second resonance in Fig. 1 is a broad resonance centered at 382.7 G with a calculated width of 33.2 G. Table I shows that our calculations overestimate the resonance position by 10 G. On the other hand, Burke et al. [22] predicted resonance II to occur at 356 ± 3 G which is 26 G lower than the observed value [15] . Taking into account that the experimental uncertainty in the position of the broad resonance II may be up to a few Gauss (it is not given in Ref. [15] ), the agreement between our calculations and experiment can be considered very good.
The resonances shown in Fig. 1 occur when the atoms are in weak field-seeking, magnetically trappable states. Optical traps, relying on the AC Stark shift, can provide confinement for arbitrary spin mixtures, and Feshbach resonances in high magnetic field-seeking states of 87 Rb were recently observed at magnetic fields as small as a few Gauss [31, 32] . Figure 2 shows the s-wave Feshbach resonances in collisions of 87 Rb in the |1, −1 state with 85 Rb in three different hyperfine states: |2, 0 , |2, −1 , and |2, 1 . All the resonances occur at magnetic fields below 10 G, and have widths of order 1-2 G (see Table I ). They are similar to the 9 G resonance found in a gas of pure 87 Rb [32] . We verfied that no other Feshbach resonances of similar widths occur at magnetic fields below 110 G. The resonances shown in Fig. 2 can be used to generate two-body spin entanglement in optical lattices [31] , and to create heteronuclear molecules from atoms in different hyperfine states. Finally, since these resonances occur at very low magnetic fields, they are technically much easier to access and they are possible candidates for the realization of RF induced Feshbach resonances using large RF or microwave fields generated near the surface of an atom chip [30] .
III. FESHBACH RESONANCES IN
6 LI-87 RB SYSTEM The Li-Rb system is extremely important both from the standpoint of ultracold atomic gases and of ultracold molecular gases. Not only are 6 Li and 87 Rb in widespread use for studies of ultracold fermionic and bosonic atomic gases, but LiRb has a relatively large dipole moment. It is therefore an important candidate for the study of ultracold polar molecules and for the experimental study of electric-field-induced Feshbach resonances [26] . Therefore, understanding the low temperature collisional properties of this mixture is of great importance.
In 2005, Silber et al. created a quantum degenerate Bose-Fermi mixture of 6 Li and 87 Rb atoms in a magnetic trap with rubidium serving as the refrigerant [33] . This experiment revealed the challenges of this approach to cooling lithium due to small magnitude of the interspecies scattering length at low magnetic fields. Subsequently, inter-species Feshbach resonances in this system were found [16] . Feshbach resonances may provide a means to enhance cooling in this mixture. Inter-species resonances also provide a way to tune the interactions in this Bose-Fermi mixture and may allow for the study of boson-mediated BCS pairing [34] . In addition, Feshbach resonances may offer an efficient way of forming loosely bound LiRb dimers, which can then be transferred from the excited vibrational state near threshold to the ground vibrational state [20] . In deeply bound vibrational states, the LiRb dimer has a large electric dipole moment (of up to 4.2 Debye) [23] , and an ensemble of these molecules, polarized by an external electric field, will interact strongly via the dipole-dipole interaction which is both long range and anisotropic. Such dipolar systems are predicted to exhibit a wide variety of novel phenomena [35] including superfluid, supersolid, Mott insulator, checkerboard, striped, and collapse phases for dipolar Bosonic gases [36, 37] as well as novel superfluid phases of dipolar Fermi gases [38, 39] and Luttinger liquid behavior in one dimensional traps [40] .
Measurements of cross-thermalization in magnetically trapped 6 Li-87 Rb and 7 Li-87 Rb mixtures indicate that the interspecies triplet scattering lengths are |a [41] . In addition, two heteronuclear Feshbach resonances were recently observed [16] . The signs of the triplet scattering lengths and the location of Feshbach resonances in other atomic states, however, remains to be determined. The sign of the scattering length is particularly important since it determines the global stability of this mixture. Combining the experimental results we produce a new set of accurate LiRb interaction potentials which fully characterize the Li-Rb scattering properties in any combination of spin states and indicate that the sign of the 6 Li-87 Rb triplet scattering length must be negative. Using these potentials, we also predict the location and widths of all the Feshbach resonances below 2 kG for all Li-Rb spin combinations where 87 Rb is in the lower hyperfine manifold.
A. Interatomic Potentials
Our starting point for this work is to model the triplet a 3 Σ and singlet X 1 Σ interaction potentials of LiRb by an analytical function of the form originally proposed by Degli-Esposti and Werner [42] 
with G(R) = 8 l=0 g l R l and T (R) = 1 2 (1+tanh(1+t R)). The potential parameters were determined by varying this function to reproduce the overall shape and approximate number of bound states for the LiRb dimer expected from the ab initio calculations [23] . The long range behavior is adjusted to match the van der Waals coefficient C 6 = 2545 E h a 6 B (where E h = 4.35974×10 −18 J) determined by Derevianko et al. [24] .
The amplitude and sign of the pure triplet and singlet s-wave scattering lengths as well as the positions of the Feshbach resonances are almost completely determined by the location of the least bound states of the potentials [2] . Since the long range behavior of the potentials has been accurately determined, the potentials can only be refined by making small adjustments to the short range repulsive wall while keeping the long range behavior fixed. This fine tuning is done to simultaneously reproduce the experimentally measured triplet scattering length and Feshbach resonance locations and widths.
Since the full coupled channel calculation is computationally intensive, iteratively finding the proper modification of the model potentials to reproduce the experimentally observed resonances can be a lengthy process. To simplify this search and to gain insight into the scattering properties of the Li-Rb system, we have employed the asymptotic bound state model (ABM) [13, 17, 25] to first determine the energies of the last bound states of the triplet and singlet potentials consistent with the experimentally observed location of the Li-Rb Feshbach resonances. We then tune the potential curves to reproduce these bound state energies. Final refinement of the potentials is done to reproduce the exact location and widths of the observed Feshbach resonances.
B. Results
The ABM model is utilized and described elsewhere [17] , and here we provide a brief summary of the model and the details of our use of it to facilitate the search for the correct interaction potentials. between the channels (provided by the hyperfine interactionV hf ) is small enough that the two-body bound states |Ψ l can be represented to first order by uncoupled orbital and spin states of the form |Ψ l = |ψ l S ⊗ |α where |ψ l S is the last bound state of either the pure singlet (S = 0) or triplet (S = 1) potential V S (R). We therefore replace the spatial part of the Hamiltonian (1) witĥ
S where E l S are the energies of these last bound states. In addition, we assume that the overlap of the singlet and triplet wave functions of the same orbital angular momentum l is ψ l 0 |ψ l 1 = 1, and the coupled bound state energies are found by diagonalizing the simplified Hamiltonian [17] .
Since the longrange part of the potential is known, the energies E nances. Figure 3 shows both the s and p-wave molecular bound state energies versus magnetic field for all states with M F = 3/2 computed within the asymptotic bound state model. Although the ABM model cannot predict the exact location of the Feshbach resonances, it does predict reliably the energies of the molecular channels in regions far from the crossings. Therefore in the limit that the effect of the inter-state couplings on the energy is negligibly small, it provides an excellent estimate of the position of the Feshbach resonances.
In order to utilize this model, we first employ it to determine the locus of points in the (E singlet , E triplet ) parameter space where an s-wave resonance occurs at one of the two experimentally determined locations 882.02 G or 1066.92 G for atoms in the | 6 Li ⊗ |1, 1 87 Rb state. These points are plotted in Fig. 4 , and four regions (I-IV) indicated on the plot are found for which an s-wave resonance occurs simultaneously at 882.02 and at 1066.92 G. Region V indicates a range of values (E singlet , E triplet ) for which an s-wave resonance occurs at 1066.92 G and a p-wave resonance occurs at 882 G. For each of the five candidate regions, the corresponding potentials were generated and the predicted elastic scattering cross sections as a function of magnetic field were computed using the full coupled channel calculation. In addition, the corre-sponding triplet scattering lengths were also computed. Each of the four purely s-wave cases were ruled out based on a variety of reasons. In region I, the lower resonance at 882 G is predicted to be a factor of 10 larger in width than the upper resonance at 1067 G in violation of the experimentally measured widths of 1.27 G and 10.62 G respectively [16] . In region II, the relative widths of the resonances are (as in region I) incorrect and at these values for (E singlet , E triplet ) there would have been three additional and wide (> 5 G) s-wave resonances below 200 G which were not observed in the experiment. While in regions III and IV the ordering of the resonances is consistent with the experimental measurements (the upper resonance is larger than the lower resonance), in region III there is an additional wide (>10G) s-wave resonance below 200 G not observed in the experiment, and in region IV there is an additional s-wave resonance at approximately 960 G (>1G) in between the two observed resonances. In addition, the triplet scattering length for regions III and IV corresponding to E triplet = −0.377 cm −1 is a 6,87 triplet = 105 a B . This value is in disagreement with the experimentally determined value from measurements of the cross-thermalization in magnetically trapped 6 Li-87 Rb mixtures which indicate that the interspecies triplet scattering length is |a 6, 87 triplet | = 20 +9 −6 a B [33] . In order to verify the robustness of these findings, we constructed a pair of Lennard-Jones potentials (V (R) = C 12 /R 12 − C 6 /R 6 ) with the same C 6 coefficient, roughly the same number of bound states, and the same least bound state energies (E singlet , E triplet ) as the fitted potential in each of the regions considered. Using these potentials, we verified that the Feshbach resonance locations and scattering lengths are essentially the same as for the fitted potentials and are insensitive to the short range details of the potentials. This check provides an important verification of our characterization of the four purely s-wave candidate regions. The conclusion is that the experimentally observed Feshbach resonances are inconsistent with pure s-wave resonances, and we must consider the possibility that at least one of the resonances originates from a p-wave molecular state.
Region V in Fig. 4 represents the only location in the (E singlet , E triplet ) parameter space for which only one swave resonance occurs below 1.2 kG (at 1067 G) and a p-wave resonance occurs at 882 G. All other branches displayed in Fig. 4 involve at least one additional s-wave resonance occurring in a location where none was observed experimentally. Along the locus of (E singlet , E triplet ) values for which these two resonances occur at the correct locations, an additional p-wave resonance was found to occur somewhere between 1081 and 1024 G while the width of the s-wave resonance at 1065 G was found to vary from 5 G to 35 G. At the precise (E singlet , E triplet ) values for which the second p-wave resonance was coincident with the s-wave resonance at 1065 G, the s-wave resonance width was ∆B = 11.53 G, consistent with the experimentally measured value, ∆B exp = 10.62 G, for the full width at half maximum for the trap loss fea- ture. For these optimal singlet and triplet potentials, the bound state energies are E singlet = −0.106 cm −1 and E triplet = −0.137 cm −1 . Figure 5 shows the result of the full coupled channel calculation performed using the refined potentials. The elastic scattering cross-sections for the | [41] . Close inspection of this potential reveals that there is a bound state very close to the dissociation threshold for the 7 Li-87 Rb triplet state. In the case, a small uncertainty in the exact location of this very weakly bound state (arising from uncertainties in the exact shape of the potential) translates into a very large uncertainty in the predicted triplet scattering length for 7 Li-87 Rb mixtures. We verified the robustness of these results by changing the short range part of the potentials so that the number of bound states was different from the optimal potentials by more than 20% while still producing the same energy of the least bound states. As a result, the Feshbach resonance locations and scattering lengths did not change significantly. In addition, we generated a set of Lennard-Jones potentials which reproduced the same least bound state energies and Feshbach resonance structure as the optimal fitted potentials. These potentials have a very different short range shape than the fitted potentials and they resulted in triplet scattering lengths of a 6,87 triplet = −22.6 a B and a 7,87 triplet = −333 a B confirming that the determination for the 6 Li-87 Rb triplet scattering length is very reliable (independent of the details of the short range part of the potential) while the 7 
Li-
87 Rb triplet scattering length cannot be reliably predicted given the proximity of a zero-energy resonance for this combination [43] . We note that if the triplet scattering length for the 7 Li-87 Rb mixture is, in fact, negative, the experimental determination of its absolute magnitude can be complicated by the Ramsauer-Townsend effect in which the scattering cross section varies strongly with and may actually vanish at an experimentally relevant collision energy [44] .
Using the refined potentials, the s and p wave scattering cross sections as a function of magnetic field were calculated for all spin combinations where 87 Rb is in the lower hyperfine manifold, and the location and widths of all resonances below 2 kG is summarized in Table II . In experiments with 6 Li-87 Rb mixtures, no Feshbach resonances were observed below 1.2 kG for the | 6 Li ⊗ |1, 1 87 Rb state that they may have been observed and erroneously concluded to arise from an impure state preparation.
IV. CONCLUSIONS
We have presented calculations of experimentally relevant magnetic Feshbach resonances for both 85 Rb-87 Rb and 6 Li-87 Rb mixtures. Our results build on recent experimental measurements of the triplet scattering lengths and Feshbach resonances in the Li-Rb system. We generate a set of refined LiRb interaction potentials which reproduce the location and widths of the measured resonances with high precision and use these refined potentials to predict additional experimentally relevant resonances for the 6 Li-87 Rb mixture. These potentials indicate that the 6 Li-87 Rb triplet scattering length is a this mixture. These particular resonances are therefore very accessible and useful for chip based magnetic trap experiments. In addition, they may be eventually very useful for the generation of spin state entanglement in optical lattices or atom chip magnetic traps [45] .
